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Abstract. In the present paper we describe the K3 surfaces admitting order 11 
automorphisms and apply this to classify log Enriques surfaces of global index 11. 



il. Introduction 



< 

J ■ The purpose of this paper is to describe the family of complex K3 surfaces with 

automorphisms of order 1 1 and apply this to classify log Enriques surfaces of global 
canonical index 11 (see [Z] for the definition). We note that any automorphism 
group of order 11 of a K3 surface is necessarily non-symplectic, that is, acts on the 
space of the global two forms non-trivially [Ni]. 

Throughout this paper, we consider a pair (X, G) consisting of a complex pro- 
jective K3 surface X and a finite group G of automorphisms on X which fits in the 
exact sequence: 

O '. 1 — * Gn — > G — > /Xiin = (Ciin) — * 1) 

<3\ ■ 

where the last map p is the natural representaion of G on the space H 2,0 (X) = Cujx 
' and n is some positive integer. It is known that n < 6 ([Ni], [Kol]; see also 
[MO]). We fix an element g G G with p(g) = £11, i.e., g*tox = Cn u x, and set 
M = H 2 (X,Z)9. 

For simplicity of description, we also assume that G is maximal in the sense that 
if (X, G') also satisfies the same conditon as above for some n' and G C G' then 
G = G'. 

In order to state our main Theorem, we first construct three kinds of examples 
by U(m) the lattice defined by I and by A*, D*, E* the negative definite 



m 

lattices given by the Dynkin diagrams of the indicated types. 
Example 1 [Kol, MO]. 

Let Sqq be the K3 surface given by the Weierstrass equation y 2 = x 3 + (t 11 — 1), 
and o"66 the automorphism of given by o-Q 6 (x,y,t) = (CM%, (Mil] Cei*)- Then 
the pair (See, (o^e)) gives an example of (X, G) with n = 6 and Gn = {1}, i-e., 
G ~ p^ and with M ~ U. 

Example 2. 

Let us consider the rational, fibered threefold <p : X — > C defined by y 2 = x 3 + 
x + (t 11 — s), and its order 22 automrphism a given by a*(x, y, t, s) = (x, —y, Cut, s), 
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where s is the coordinate of C. (p is a smooth morphism over s ^ ±a/-4/27 and 
X \y _ 4 /27 (— ^-^ -4/27 ) nas a urnc l ue singular point of type A10. 

The pair (X , (cr 44 )), where al 4 (x,y,t) = {( 22 x, (Hy, Cfft), gives an example of 
(X, G) with n = 4 and Gat = {1}, i.e., G ~ ^44 and with M = U. (The minimal 
resolution of) (A" s , (a)) with s ^ gives an example of (X,G) with n = 2 (and 
G N = {1}), i.e., G ~ ^22 and with M = U (resp. £/ © Ai ) if s ^ 0, ±a/-4/27 
(resp. if s = ± a/— 4/27) (cf. Remark and the proof of Claim 6 below for the 
calculation of M and G). 

The following remark will help to verify the calculation of G and M in Examples 
1 and 2 above. 



Remark. 

(1) Let (X, G) be any of the pairs in Examples 1 and 2 above and let g be the 
unique order 11 element in G satisfying g*u)x = Cn^x- The natural G-stable (hence 
testable) Jacobian elliptic fibration / : X — > P 1 , with t as the inhomogeneous 
coordinate of the base space, is the only g-stable elliptic fibration on X (cf. the 
first paragraph in the proof of Proposition 3 below.) 

(2) The fixed locus (point wise) X 9 is equal to the union of a smooth rational 
curve in the type In fiber X t=0 and two points on the type II fiber X t=OQ (resp. 
the union of the smooth fiber X t=0 and two points on the type II fiber X t=(X> ), 
when X is equal to X ^/ _ 4 ^ 27 (resp. any of other cases in Examples 1 and 2). 

(3) For any s ^ 0, ± a/— 4/27, four surfaces >S 66 , X , X ^/ _ 4 / 27 , X s are not isomor- 
phic to one another. 

Example 3. 

Let us consider the following three series of rational Jacobian elliptic surfaces: 

(1) : — > P 1 , defined by the Weierstrass equation y 2 = x 3 + (t — 1), whose 
singular fibers are of Kodaira's type II and J^) of Kodaira's type II*, 

(2) j( 2 ) : j( 2 ) — > P 1 , defined by the Weierstrass equation y 2 = x 3 + x + (t — s) 
with s 7^ ± a/— 4/27, whose singular fibers are J& \ Jp (where t = a, (3 are two 
distinct non-zero roots of the discriminant A(t) = 4 + 27(t — s) 2 ) of Kodaira's type 
ii, and of Kodaira's type //*, and 

(3) j( 3 ^ : j( 3 ^ — > P 1 , defined by the Weierstrass equation y 2 = x 3 + x + (t — s) 
with s = a/— 4/27, whose singular fibers are Jq 3 \ ^2s or * Kodaira's type ii, and 
j£/ of Kodaira's type II*. 

Let p^' e ) : P^' e ) -> P 1 be a non-trivial principal homogeneous space of j'W ; 
given by an element e of order 11 in (jW) . (For the basic results on 
the principal homogeneous space of rational Jacobian elliptic fibrations, see [CD, 
Chapter V, Section 4].) Then : P^^ -> P 1 is a rational elliptic surface with a 
multiple fiber of multiplicity 11 over (of type Iq in the cases % = 1, 2 and of type 
Ii in the case i = 3). 

Let Z^' e ) be the log Enriques surface of index 11 obtained by the composite of the 
blow up at the intersection of the components of multiplicities 5 and 6 in (P^ ,e ^)ooj 
which is of Kodaira's type II* , and the blow down of the proper transform of 
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group of this covering. Then, each of these pairs (X^' e \G^ ,e ^) gives an example of 
(X, G) with n = 1 and Gn = {1}, i.e., G ~ /in and with M = £7(11) (see Lemma 
9 below to verify the calculation of G and M). 



Our main result is as follows: 

Main Theorem. 

Under the notation above, the following are true. 

(1) 

We have Gn = {1} so that G ~ H-\\ n an d 9 is unique and of order 11. 



(2) 
(3) 



(4) 



M is isomorphic to either one of U , £7 © A w or £7(11). 

In the case where M ~ £7 or £7 © Ai , (X, 67) is isomorphic to either 
(566, (oW); (<^o, (044)), or (X s , (a)) (s 7^ 0) in Examples 1 and 2. 

Moreover, M ~ £7 Q)Aio if and only if '(X, (g)) is isomorphic to (X ^/ _ 4 / 27 ; 

In the case where M ~ £7(11), (X, G) is isomorphic to one of (X^ ,e \G^ l,e ^) 
in Example 3. 

Combining the main Theorem with the Remark after Example 2, we obtain the 
following, where a log Enriques surface is maximal if, by definition, any birational 
morphism Z' — > Z from another log Enriques surface Z' must be an isomorphism. 

Corollary. 

Maximal log Enriques surfaces of global index 11 are isomorphic to either a 
_£0, e) ^ n E xam pi e 3 or X ^/ _ 4 ^ 27 / (g), where X ^/ _^^ 2 7 * s ^he surface obtained from 
the surface X ^/ _ 4 ^ 27 in Example 2 with the unique g-fixed curve contracted. 



Remark. 

(1) In the main Theorem (3) and (4) and Examples 2 and 3, the pairs (X, G) 
parametrized by s and — s, are isomorphic to each other. In particular, the pair 
(X, G) with M ~ £7 © A±o is unique up to isomorphisms. 

(2) By the main Theorem, the pairs (X, G) are not finitely many any more and 
move in a 1-dimensional (non-isotrivial) family, which is one of the main difference 
from the previous works [MO, OZ2, Xi, Kol, 2] concerning larger non-symplectic 
group actions. Indeed, calculating the J— invariant and combining with the fact 
that the pair (X, G) with ord(6?) = 40 and its elliptic fiber space structure are 
both unique [MO], we find that the family ip : X — > C given in Example 2 is not 
isotrivial. Similarly, the uniqueness of the Jacobian elliptic fiber space structure on 
a rational surface shows that the family given in Example 3 is also not isotrivial. 

(3) One can also explain the reason why (X, 6?)'s form a 1-dimensional family 
from the view point of the period mapping. Since for generic (X, G), the transcen- 
dental lattice T x is of rank 20 and isomorphic to either £7 2 ©i?| or £7 © £7(11) ©-Ef, 
and the eigen space with respect to the eigen value C11 of the action g on T x © C 
in which the preiod Cux should lie is two dimensional. Conversely a generic one 
dimensional subspace in this eigen space gives preiods of K3 surfaces with order 11 
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(4) In our classification, we make use of the invariant part M of the g-action 
on H 2 (X, Z), instead of the Neron Severi lattice Sx, which always contains M 
and certainly equals M if X is generic in the family. However, for special X, 
Sx is probably larger than M. So, in our classification, the determination of the 
Neron Severi lattice [Sh] , which is one of the hardest and most important problems 
concerning algebraic surfaces, remains unsettled. The reason why we describe the 
result according to M rather than Sx is that on the one hand, the Neron Severi 
lattices are quite unstable under deformations, for instance, in the case of the family 
of quartic K3 surfaces, and on the other hand, it turns out that the invariant part 
M is fairly stable under deformation at least in our case. 

Acknowledgement. This paper is finalised during the second author's visit to 
Japan in June 1998. The authors are very thankful to the JSPS-NUS programme 
for the financial support. 

§2. Proof of the main Theorem 

We employ the same notation introduced in §1 freely. Let iV be the orthogonal 
lattice of M in H 2 (X, Z). Then N is ^-stable and T x C N and M C S X - For a 
lattice L, we denote by L* the dual (over) lattice Hom(L, Z). For a positive integer 
i", we denote by ip(I) the cardinality of the multiplicative group (Z//) x . 

Lemma 1. 

We have Gn = {1}. In particular, g is unique and is of order 11. 
Proof. 

Since <^(ll)|rankTx, rankTx is either 10 or 20 and hence rank5x is either 12 or 
2. In the case where r&nkSx = 2, we have Gn = {1} by [MO, Lemma (1.2)]. Let 
us consider the case where rankSx = 12. We assert first that Gn is either {1} or 
Z/2. 

Let cr be an element of odd prime order p in Gn, where p must be equal to 3, 5 
or 7 by [Ni]. The topological Lefschetz fixed point formula and [Ni] implies that 
24/ (p + 1) = X top{X a ) = 2 + (rankT x ) - s(p - 1) + 12 - s(p - 1) = 24 - 2s(p - 1), 
which is impossible. Here we write a*\(Sx <8>C) = diag[[£ p , . . . , Cp _1 ]® S 7 ^i2-«(p-i)]- 
So \Gn\ is a power of 2. 

By the same fixed point formula, we observe that each order 2 element in Gn 
can be diagonalized as diag[/4, —Is] in Sx®C If r is of order 4 in Gn then the fact 
that xtop{X T ) = 4 and the fixed point formula imply that r* can be diagonalized as 
diagfV - 1) — V~ 1) 1) — ^9]) which contradicts the observation on diagonalization in 
Sx <8> C for the order 2 element a = r 2 . Thus, each element in Gjv is of order < 2. 
Hence Gn is abelian and either trivial or 2-elementary. If there are two distinct 
order 2 elements Oi in Gn, then diagonalize the order 2 elements of , cr|, (cri o cr 2 )* 
simultaneously on Sx <S> C and we will get a contradiction to the same above 
observation. Thus \Gn\ < 2 and the above assertion is proved. 

Suppose Gn = (1) — Z/2 and we will derive a contradiction. Since H := (g, t) ~ 
Z/22, we can choose an order 22 element h in H with h*u)x = Cn^x- Since 
1 = h 11 , h* and t* can be simultaneously diagonalized over Sx ®C as two (possibly 
different) matrices which are equal to diag[/4, —Is] with entries rearranged. Then 
(toh 2 )*\(S x ®C) =diag[/ 4 ,-/8] and (t o h 2 y\(T x ® C) = diag[Cii, C11, • • • , Cn°]- 
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contains a curve. On the other hand, since (t o h 2 ) 11 = t, we have X ioh C X\ so 
that X Loh consists of finitely many points, a contradiction. Q.E.D. 

Lemma 2. 

M is isomorphic to either U , £7(11) or U © Aiq. 
Proof. 

Since M is a primitive sublattice of the unimodular lattice H 2 (X, Z), we have a 
natural isomorphism M* /M ~ N* /N. Noting that N 9 = {0}, we can apply the 
same argument as in [MO, Lemmas (1.1), (3.2)] and [OZ2, Lemmas (1.2), (1.3)] 
for the pair (M,N) (instead of (Sx,Tx) there) to get y?(H) = 10|rankiV and 
M*/M ~ N*/N ~ (Z/ll)® s for some integer s with < s < rankiV/10. Since 
rankiV < 21, we have (rank(M), det(M)) = (22 - rank(iV), -11 s ) = 

(2, -1), (2, -11), (2, -ll 2 ), (12, -1), (12, -11). 

By the classification of indefinite unimodular even lattices, the case (rank(M), 
det(M)) = (12, -1) is impossible and in the case (rank(M), det(M)) = (2, -1) we 
have M = U. 

By [RS], a p-elementary (p > 2) even hyperbolic lattice of rank > 2, is determined 
uniquely by its rank and discriminant. So, M = U Q)Ai when (rank(M), det(M)) = 
(12,-11). 

Suppose that rank M = 2. Write M = (a^), where an = 2a, CI22 = 2c, ai2 = 
«2i = b for integers a, 6, a Then detM = 0, —1 (mod 4) and hence the case 
(rank(M), det(M)) = (2, —11) is impossible. We consider the case where (rank(M), 
det(M)) = (2, -ll 2 ). Note that M* is generated by a Z-basis (ei e 2 ) = (ei e 2 )M" 1 
= (ei e 2 )(— l/ll 2 )(6ij) where 6n = 2c, 622 = 2a, 612 = 621 = —6. Here e^'s form the 
basis of M with (a^) as the intersection matrix. Since M* /M = (Z/ll)® s , each 
bij (and hence each a^) is divisible by 11. So M = Mi (11) with an indefinite even 
unimodular lattice Mi. Thus M = £7(11) under a suitable basis. 

Proposition 3. 

Assume that M ~ U . Then (X,G) is isomorphic to either (Sqq, (ctqq)), (Xq, (0-44)), 
or (X s , (a)) (s 7^ 0, ± a/— 4/27 ) in Examples 1 and 2. 

Proof. 

If ?i > 3, the result follows from [MO, Main Theorem]. Let us consider the case 
n < 2. Since M ~ £7, X admits a 0— stable Jacobian fibration / : X — > P 1 by [OS1]. 
Let E 1 and C be a general fiber of / and the unique g— stable section of /. Here the 
uniqueness of the g— stable section follows from the fact that if C is also a g— stable 
section then [C'\ = a[C] + b[E] and ((aC + bF).F) = 1 and (aC + bF) 2 = -2. We 
see then these equalities imply a = 1 and 6 = 0. 

Let g be the automorphism of the base space P 1 induced by g. Since there are 
no elliptic curves admitting Lie automorphism of order 11, g is also of order 11. 
We may then adjust an inhomogeneous coordinate t of P 1 so that (P 1 ) 3 = {0, 00}. 
We note that Xq and X^ are both irreducible, because the irreducible component 
R of X Q meeting C is g— stable so that rankM > 3 unless R = Xq. 

Since g*u>x = Cn^x, an easy local coordinate calculation shows that neither 
of Xq^Xoo is of Kodaira's type I\. Moreover, noting that g permutes the other 
singular fibers, we have 24 = xto P {.X) = Xto P (X ) + Xtop(^oo) + Hm for some 
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necessary, (Xq^X^) is of type (Io,II) and the set of the other singular fibers is 
either 

(1) {X Cii \0 < i < 10}, all of Kodaira's type II, 

(2) {X^X^j JO < i, j < 10} (a fin), all of Kodaira's type I±, or 

(3) {X Cii \0 <\ < 10}, all of Kodaira's type I 2 . 

Claim 4. 

The case (3) can not happen. 

Proof. 

Assuming the contrary that Case(3) occurs, we denote by R the irreducible 
component of X\ meeting C. Since S := Xlo<i<io 9 l (R) ^ s stable, we have 
[S] = a[C] + b[F]. Now (S.F) = implies that a = and hence S = b[F]. This 
leads to -22 = (S) 2 = (bF) 2 = 0, a contradiction. Q.E.D. 

Claim 5. 

The case (1) can not happen under the assumption that n < 2. 

Proof. Assuming the contrary that Case (1) happens, we will determine the Weier- 
strass equation y 2 = x 3 + a(t)x + b(t) of / : X — > P 1 . Since the singular fibers 
of / are all of type II, the J-function J(t) := 4a(t) 3 / (4a(t) 3 + 27b(t) 2 ) = as a 
rational function. Thus, a(t) = and the equation is y 2 = x 3 + b(t). 

Let us consider the discriminant divisor A(t) = 27b(t) 2 . Since the singular fibers 
over t 7^ oo of / are X^ and these are all of type i7, we have A(t) = c(t u — l) 2 
for some nonzero constant c. Then b(t) = c'(t n — 1) for some nonzero constant c'. 
Changing x, y by suitable multiples, we finally find that / is given by the equation 
y 2 = x 3 + (t 11 — 1), which is isomorphic to m Example 1. In particular, G ~ (Xqq 
by [MO]. Thus n = 6, a contradiction. Q.E.D. 

Claim 6. 

Assume that f : X — > P 1 satisfies the condition of the case (2) and M ~ U and 
n < 2. Then f : X — > P 1 is isomorphic to a Jacobian elliptic fibration given by a 
Weierstrass equation y 2 = x 3 + x + (t 11 — s) for some s ^ 0, ± a/— 4/27, and under 
this isomorphism, we have G ~ (a), where a*(x,y,t) = (x, —yXnt)- I n particular, 
n = 2. 

Proof. 

Again we will determine the Weierstrass equation y 2 = x 3 + a(t)x + b(t) of 
/ : X — > P 1 , where a(t),b(t) are polynomials in t. First note that dega(t) < 8 
and degb(t) < 12 by the canonical bundle formula. Since / has singular fibers 
{X^X^j Q |0 < z,j < 10} of type ii, the discriminant divisor A(t) is equal to 

5(t 11 — a n )(t n — /3 11 ) for some non-zero constant 5. Since the J— function J(t) = 
4a(t) 3 / A(t) is 77— invariant, a(t) (and hence b(t)) are also g— semi invariant. Thus 
a(t) = At m , b(t) = t n (B 1 + S 2 t n ), where A, B { are constants, m < 8, n < 12, and 
n < 1 when B 2 ^ 0. Comparing coefficients of the equality A(t) = 4a(t) 3 + 276(t) 2 , 
we see that a(t) = A, b(i) = Bi + B2t n . Noting that A 7^ because of the existence 
of singular fibers of type I\ and that B 2 ^ for X is not a product of two curves, 
we can, by a suitable coordinate change, normalize the Weierstrass equation of X 
as 

X = X S : y 2 =x 3 + x + (t u - s). 

"lj „ ;„ „ „-t„„-t „„j „ _L n t — „j-i „.;„„ ^ a u,. n\/rrM 
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Conversely, by the standard algorithm to finding out the singular fibers [Ne] , we 
see that this elliptic surface X s has 22 singular fibers of type I\ and a singular fiber 
of type II if and only if s 7^ ± a/— 4/27. Moreover, X s admits an automorphism g a 
of order 11 given by g*(x,y,t) = (x,y,£ t). Since g and g s make the fibration / 
and the section C stable and satisfy g*u>x = ff s *wx = Cn^x, we have g = g s . Now 
the condition that n < 2 implies that n = 2 and G ~ ^22, by the maximality of G 
and by considering G s = (g s ,ts) — ^22, where i*{x,y,t) = (x,—y,t) acts on / as 
the involution around C. 

Write G = (g, 1) with an involution 1. Since 1 o g = g o t, we see that C and / are 
both 1— stable, and and 00 are two t-fixed points. If 1 acts on the base space P 1 as 
an involution, G permutes the 22 singular fibers of type I\ as well as the 22 roots 
of the discriminant divisor A(t) = 4 + 27(t 11 — s) 2 , whence s = 0, a contradiction. 
Thus, 1 is the involution of / around C, i.e., 1 = i s . This means G = G s and we 
are done. Q.E.D. 

This completes the proof of Proposition 3. Next we consider the case where 
M ~ U © A w . In this case, M = S x and rankT x = (p(U) = 10. So (X, G) is 
equivariantly isomorphic to the pair (X ^/ _ 4 ^ 27 , (o~)) in Example 2, by [OZ2, The- 
orem 2] and by making use of the maximality of G as in the previous paragraph. 
This also proves the main Theorem in the case of M = U or U © A w . 

Finally we consider the case where M ~ U(ll). As before, since £7(11) represents 
zero, X admits a g— stable elliptic fibration / : X — > P 1 and the induced action 
~g on the base space is of order 11. We adjust an inhomogeneous coordinate t of 
the base so that (P 1 ) 3 = {0, 00}. We need further coordinate change later, but we 
always keep this condition. 

Lemma 7. After a suitable coordinate change, f satisfies either one of the follow- 
ing three cases. 

(1) 

Xq is smooth andg\Xo is a translation of order 11; the remaining singular 
fibers are X^k (0 < k < 10) and these are all of type II. 

(2) 

X is smooth and g\X is a translation of order 11; the remaining singular 
fibers are X^ and X^a (0 < k < 10 and a fin) and these are all of 
type ii . 

(3) 

Xq is of Type In and g\Xo is a translation of order 11 (which permutes 
the fiber components cyclically); the remaining singular fibers are X^ and 
these are all of type I\. 

Moreover, in all three cases, X^ is of type II with X 9 = (X^) 9 = {Pi,!^}; 
where Pi is the singular point of X^. The action of g around Pi is of type 1/11(5, 7) 
if i = l and 1/11(2,10) if i = 2. 

Proof. The proof is almost identical to the situation where M D U, except that 
/ does not admit g— stable sections and we use the assumption that M ~ U(ll) 
and the fact that X 9 is smooth. The type of the action is determined by an 
elementary local coordinate calculation of the normalization of X^ and the fact 
that g*u)x = Cn^x- Actually, we have one more possible case in which Xq is 
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the relatively minimal model of X/{g) — > F 1 / (g) is a rational elliptic surface with 
no multiple fibers and hence has a section C. Now the pullback on X of C is a 
fir-stable section, which contradicts M ~ U(ll). Q.E.D. 

Note that / on X induces an elliptic fibration /' : X/(g) — > P 1 / (g) on the 
quotient surface, a log Enriques surface of index 11. Let S — > X/ ((7) be the minimal 
resolution. Then the proper transform of X^/ (g) is a (—1) curve on S and we let 
c : S — > T be the contraction of this (—1) curve and / : T — > P 1 the induced 
relatively minimal rational elliptic fibration. We immediately get the following 
lemma from the construction. 

Lemma 8. According to the cases (1), (2), (3) in Lemma 7, the singular fibers of 
f are: 

(1) 

T of type 11J , T^ of type II*, and T x of type II. 

(2) 

To of type lllo, of type II* , and T\ and T a ii of type I\. 

(3) 

T of type llh, of type II* , and Ti of type I\. 

Note that we can recover (X, f) in Lemma 7 easily from (T, /) in Lemma 8. In- 
deed, let / : T — > P 1 be a relatively minimal rational elliptic surface with one of the 
properties (1), (2) and (3) in Lemma 8. Let us blow up the point of the intersection 
of the components of multiplicities 5 and 6 in T^ and then contract the two con- 
nected components of the proper transform of T^. We now get a rational elliptic 
surface /' : S — > P 1 with two singular points of types 1/11(5, 7) and 1/11(2, 10) and 
with 11 Ks linearly equivalent to 0. Let X — > S be the global canonical Z/llZ-cover 
of S. Then (X, /), where / is induced from /, fits corresponding cases in Lemma 
7. 

Moreover, if we let G be the Galois group Gal(X / S) , then we have: 

Lemma 9. (X, G) satisfies the condition in the second paragraph of the Introduc- 
tion with M ~ f (11) and G maximal. In particular, in the situation of Lemma 7, 
one has (X,G) = (X, (g)). 

Proof. If M qk f7(ll), then M is either U or U © A 10 by Lemma 2. However, then 
X s contains a curve by the main Theorem (proved already when M D U) and the 
remark after Example 2, which contradicts the fact that the canonical covering map 
is etale in codimension one. Thus M ~ £7(11). 

Next, we show that G is maximal. Assume that G C H and H = (h) also 
satisfies the condition in the Introduction. By [MO], it is enough to eliminate 
the case where ordH = 22. Assume the contrary that this case happens. Since 
rank M = 2, Gjy = {1} by Lemma 1 and rankTx is either 10 or 20, we have either 
h*\T x ®C = diag[— Ci"i|l < 3 < 10] and h*\S x ®C equal to oneof diag[l,±l, Cu|l < 
j < 10] and diag[l, ±1, — Cii|l < j < 10] in the case where rankTx = 10, or 
h*\T x <8> C = diag[— Cii|l < j < 10]® 2 and h*\S x ® C = diag[l,±l] in the case 
where rankTx = 20. 

Since h{X 9 ) = X 9 and X h C X\ we have X h = {Pi,P 2 }, noting that the 
actions of (7 around two points Pi are different. Thus the topological Lefschetz 
formula shows that the only possible case is h*\T x <8> C = diag[— Cu|l ^ J < 10] 
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Let l := h 11 . Then, t*\T x ® C = -I w and i*\S x ® C = diagf/n, -1]. In 
particular, xt op (X t ) = 2. This, together with the fact that t*wx = — ujx, implies 
that X L consists of smooth curves and at least one of them is a smooth rational 
curve, say C. Write the (disjoint) irreducible decomposition of X L as X L = C U 
E\ U ... U E m . Since g o l = l o g, g acts on the set {C, Ei, E m }. 

First assume that g(C) ^ C. Then g l {C) would be mutually disjoint 11 rational 
curves with Q{g z (C)) C S x ® Q, where both sides of the inclusion are of rank 11, 
whence they are equal. However, S x then contains no ample classes, a contradic- 
tion. Thus g(C) = C and P±, Pi G C. But, this can not happen, because the action 
of g around Pi are of types 1/11(5,7) if i = 1 and 1/11(2, 10) if i = 2, and there 
are no a G {5, 7}, 6 G {2, 10} with a + b = O(modll). Therefore, 67 is maximal and 
Lemma 9 is proved. Q.E.D. 

Now the only remaining task is to describe rational elliptic surfaces with the 
property (1), (2), or (3) in Lemma 8. However, each of these is obtained as a 
principal homogeneous space of a Jacobian rational elliptic surface j : J — > P 1 
whose singular fiber type is equal to one of the three types in Example 3. Now a 
similar (and easier) calculation shows that the Weierstrass equation of j : J — * P 1 
is the same as one of those in Example 3. This completes the proof of the main 
Theorem. 
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